Jacobians of Compact

Riemam Surfaces
Avitol E)a,rrj

Motivahon. W‘v should we consider compact Riemam
surfaces! Let A be an pbelion \/arie,l-ﬂ over . Then
AWC) inharits a complex structure as supmanifeld of
IPHCC\. :H' is o COV)nBC\'e.dl compad LLOW\PleX mawhco\o!,
and has an obelion 3rou.P shructure. Note that
A@) 2V/N where VEC? and ASZ3

Let C be a smooth ijeoHve comected curve
over C. Than CO) s a com‘ow:" connected

Riemam surfoce. So we have
C > C(0)

z T

P R PNE: VASTC(O)
C cao®
whare X)) for X a Riemonn surfoce is Yo be
defined. We wont +o oomPld'e, the amallOHc side.

Remark, Ever& comFad' connected Fiemomn surfaoce

s an a[ge,loroio cune. [2]



For the durvkion of fhe talle anless stated
otrexwise, X is a comPach connected Riemann

surfoce of genus g

Goals. () Define Yo Jacobian of X, J(X).

@) Describe its structure as o complex torus.
We will view it as He qwh‘ml‘ HY OG0 H (X, 20
which is isomorplfu'c o @3/ for some laltice A.

Gi) C[a%in line bunolles on .

(iv) Defing te First Chern class and use it Yo ia@w{-‘\ﬁj
He Jacobian with o torus.

() Show Hhat IO = HIOK, 50 Hu(X,2) if Yime
?e,r‘mﬂ's.

(vi) plmo with the Abel -Tacobi map it we have
He Fve.



Definibions. () Div(X) is the Free doelian group of
poinksin X.
Gi) A divisor is called Prino‘t?a\ i€ it zci,uwl|s

oliv(f) =ZPoro(9 ®-p
whare CX) is meroworphic fuchons on X, orde (f)
is the order of Hue pole/zero of §(e), and FeC (0"
NoHc& Yotk div is o l/wmomorlohi,sm

COO* —DivlX)
ond hance Princ(X) s a smb‘jramp of Div(X.
(i) We cal

c109=0vp 0

the olivisor class arowp.
() Di?(X) io the kervel of tre dogree wap, ie.
@:Dw()()—*»l 2 AP —> Yene. I is a vnon-tvicd
r‘e,suH» HwJ’ Pr'inc.ipo»\ Jivisor‘s wae, Jlﬁr‘ee, Zro. 50

we have Yed Prince(X) s a 5m\oarou‘> of Ui’(X) as
sell

(v) Denote
= Div°(X)
CL(X)= D O(/ Princ (0
We then have
0—CLX)—UUX)—2—>0.



Theorem. CL°(X) can be a‘wan Ye shruchure of o
(j“ova\ensiowal comPlex borus, ie. the %ohe,nl' of a
a-cliwzensfonal comr\e,x vector space \o:j o lathce.

Definibon’. The Jacebian of X, XD, is CL°OO
+ oae:Hn.ar' withh e above etcucture.

Que sﬁ'm\—zﬁtﬁ for fe ?roof- s’
() Show H(X,0x)/H(X,Zy) is aYorus in KX, (%),
() Show His Forus s exacty CLOOHX, ), This
will be dove by weows of shawing Hiet both io&vﬂ-ifij
with Hhe kerviel of Hhe Chernclass wap

cH* X, 00— H(X, ) =Z.

Definitions. (i) A (Lferentiol) Form on X is a
sechon of the exterior alae\am of the col'avxge,wl' bundle.
over X. Differenhal 2-forms conloe ‘m\—e(c)mf"e,ol over
X,
(i) Aform o io exack if tere exists a form p such
thot o<=<lp
Gi) A form a i closed iF dx=0.
(iv) The de Rham oom?le,x is e cochain complex

0— 20X 2 Q24 (X) 4 (12X —-



where (24(X) is  smooth  Funckons on X for i=0 and
i-forms on X for i>0. The differential is defined bﬁ
(@) do i5 He difFecential of ot For a 0-Form «, (b)
dde=0 for x a O-Form, (&) &(DKAP)"OQD(./\P“'
+(-D"ndp),

The odhomo|03\j of s COMBD\Q.X is the de Phom
Cohomologg. H;R:"" {closed i-Formsl/ {exact i-forms}.

As a first 63@@ we winst c\assi'sz line bw\ouas on X. Let
M be a lie bundle on X with i M) =>0x (W)
local FAviali za.‘rion. Thus 4),;%4'-0,((“'13)_%"{9)((“;]): HW
4’:%‘1 5 J‘u/e,w \93 4°;J-e(9x(uzj)", Le. 1(19 i5 o nowlere zeco
ho\omor\olm'r_ funchon. We see that

Fifjcfia= gudi'digi g =1-
Tku*e'[:ar‘a Ay 4 defines o i‘wft)de for @;
We have wacollowfng isomorphisms

Vb /, = Fe0x,00) « 2= HAOGE) {05 - Forsors).
Let P be an Uy ~torsor. So we have tue ackion of ()
en P. Then we have o line bundle
PZ0xePic(X).
Next assume we have o ling oundle, M. We wap M

to ISOM(UX, M). Tl’&. acton
m;“lsﬁmfwx,/{)—”lsﬁmfwx,/{)




is 3ive,v1 \o;o

(9,%) ——7feq,
Ore can  show Teom(Uy, 10" Oy = M and
Lsom(Uy, P00 2 P choose. o trivializing coverfor
each. From Hus you get local iSOMOT‘F[/tA:f?Wl‘} +o the
Yriviol bundle or +rivial torsor and show thad H/w,n

3[1,@, vmioe.\uj on intersechons.

From Hiis e 3@*‘:

T heorem. There is o \o‘{)@d’iom
HL(X, 0%) e— { isomor-phism r.\asses}

of ling bumdles on X |

The shory exact Sequence (6xb90n§nﬁol sheat sewce)
0—Zy—0x =05 —4
a‘wes rise Yo the exact sequence
- = HAK, Z) — K, B0 — 14K, 05) —
T lus short exack sequence exists since Yhe
WWH&L defines o hermomorphism @x—"’U;(. For

.SWJ&CHVHy let se(D%(W) +oke a cover of U \9(:] disks



Ui. Then for each L we choose o \o&arl{-hm ond
Defing Jcai"'lo‘j,,.;s. So we have Higt S~ 2T gl
Hus Hhe ufomhal map is surjechve. Some
normalizafion of \D()w; MIOM e necessary.
We want ‘o bl—w:%j Yo firsh group n He \on_g exact
sespence. Consider the exact sequence

5i

0—Z—Ryy— Uld)x—0
From which we 3&\‘
e B R — HIH, Ult), ) — HEK Z) —HE (X B>
X is comected and Hevefore we have a
identificodion  HO(XR) =R —> UML) =HX, L),y
Hence H'OX,Zy)—H"(X,R,) is jective. Now we hove
0By —CF > Ep,u—0
Ar—Re—0
where Cg is te sheaf of real valued smooth funchions
ond, 5im,a is the sk of redl volued closed forws. The
mMap d is associated with Hhe difFerential of Hie db
Phom comFlex of o real wionifold. To see Yat d is
surjechive le} se€ E;,u (W). Take U; disks. 53 Poincocé
levmo 5)u; js exact. We define 1: bﬂ Slm‘-'—o(,{’;, and we
hase. sur‘)'ec.'l'ivf‘ly. From this we have
"‘**C:(X)'-""8%p,la(7(7—->HL(X,ﬂ7\x)‘—>Hi(X,C;° -
An eemant of Hi(X,C:’ ) s represented |05 a cocUcle




“Zij GC: (U—lj). Chaose. o simooth \oar‘\'ﬂ-ion of W\u‘l—” Yi
subordinate ‘v e open Cover Wi Let

C*L:%‘ll’k’}'ik.

\l\/& CQM\OW‘l-&

9Si,_ ¢J = %Wk (P~ T = *.
5& He cocbc\e, conddion

* =§\y&-ﬂ- =FTy=x%,
Since. Y s & Fa\rl-ikom of umi}y
*= ‘F.‘,j.

So -Pq is o coboundary ond H*(X,Ca)=0.

Frrom Huis we obtoin a version of Lo Bham's Yoorem!

Theorem.
Hi(X,P\X) 2 { closed real 1-forms}/{exact resl L-forms}.
Bj de Rraum's Yagorem, H' X, RR is o Zg‘o&‘mensiom\ real

Vec‘\‘O\r* sFa.Cé/.

Proof. We have done most of the wor, we,t‘)ud— note
Hat Hee ima(.je, of C:OO iV‘ ituOO is b& e Finton the

Cxac;\- x'or‘ms



de Phaws esrem and what we have proven gve us
HA (X, IR0 H g (X) FHY(X, B,
For Hhe dimension, consider the. shavt exact Sequence
0—Cx—0 — S50 —0.
We 9@4— a {'riangle,
RN (X, Cx)—>RCX 0 — R (X, Q%) — .
T herefore
HLC ) ~X (L) =X (98"
2= dimgH' (X, €x)+ -1 =4-3
limg H'OX Ry = dim H'(X, €)= 2. O

Consider next HY(X,Zx)c H*(X,Rx). Like for B we have
O, isomothism
HOGZ0) = H (XD
H'(X,Zx) con be idntified with the subgroup
represented bx:) dosed] 4-forms o such Hrat
{-oael
For al| closed loops YeX., Tt is subicient Yo checle For

Ty 0 meoloas basis of H(X,2). Therefore
H%X,Zx) forms a |athce inside H"(X,l?nx)-

Theorem. H'(X,Z) forms o lalhice inside H* (X, ().
Therefore the. cl’unﬁeﬁ s a 9 dimensional complex
torus.



Proof. Since HYX,2) is a loffice in HOXB), we need
to construct an isomorphism T HEOGRY E> HACX, ()
cmmpo«"')‘o\(, wWith. He nMaps HiCX,l)—"Hi(X,V\) The map
T is the one induced lob Bx— 0. 1t is not dbvious,
but we have tha followin isomorez\isms L3]

H*(X R)& {hawrmonic real 4~ forms,

H (X, 0x) 2 { ok kolomor{:l'lic 1-Eormss.
(riven o ke have 7@ = Pe HH(X, ).

HE O B T HYCX, 00)
¥ l lg
Lo A-forms3 =>{ah. 1-forms}
Py dz+FBdZ— F(@)dE

The wwerse is the moyo Se,nc&wj peﬁi(x,(‘?)() to
p+’\§ e HY (X, B). O

Now Hhat we have shown that the ‘\wwge of H'X0y) in
H(X, 0%) i5 a forus. Recall
HA (X, 2) — H*(X,00 — H* (0 — H* (X, 2)— 0.
S HER i
We can proceed to show Hat CL(X) coincides with the
imooe of H4(X,U x). For this we start b\(} &Lﬁmiﬂa
Ha first Choyn lass.



Proposition. M lies in the imoase of H'CX, 09 F
ci(M.)=0- \,\/lwng, Ca 15 '\'\/uz_ c,omw.c\’in\j Iwmomov‘FI/Lism
H'(X,0%) — H'(X,Z) and cas(M) =, (L£5)).

To wnderstond c, belter we will show anoHwey
in{’erpv‘d‘aﬁm of it We can map ciH) 4o
H* (K, E0=H, O =Hip e (O wrcler Hea embedding
Zx—Cy. Than s is a Lifferential form. We have
o commutative oeiasram with exact rows
0—Zy—— U —1
T T
0—C,— Oy 4sQh—0
whare clfwg‘f"‘o”/f‘. We have
= H*(X, 0) — H (K, 100 ) — H (X, Z) — H X, U ) —

‘l' 4 Jl 1 Y ll 2 \L 40
- —=HYK, Ox) —=H X, 50— H (X, O)— 0 (X, Uy) =

From which we ad' Yok e ((F:)) is the co\oouwoaﬂ-rg
O‘F

Wij.= "ﬁiﬁ'd 105({:@
Wij 5 a kolovhor\olz\ic 1-form (con be,'\-komoh\— of as sweoth).
bﬂ a ?aH-il—ion of Wni{’ﬂ araumw\— we con find a; such
Aot wy=oq-05. Lek g =dui. When re.skicﬁvmﬂ to Ui we 3¢+
pi-pj -’-o@oq"o‘afoqwzf
=5(A'T_-—,i— Aluaj(&,-) =0.



So Hie F:; 8IW Vuce\:j P is a 2-form ovnd X is
2-dimensional (real) g0 we can inko@m"e p over Xty
3&‘\' a vumber in € becouse X is comPac¥. Since
Pere is on ‘lsomarfhiem H*(X,£)2C we con treat

Ci(_m.) 0s a num\oor
Pr‘oposii-ion: C,_(U(D))""‘-'Jﬂ.ﬁo -For a ou/iso(‘ D.

Proof . Suppase X=P¢, D=1-0. Then
= H' (X, 0) —H* (X, 0x) — H* (X, ) — H*(X,(0 —.
I 2 (i I
0 Z-0) Z 0
So ci(@('i))‘-'*inﬂej U1). We daim His case is
sufficient,
Let X be arloi'[-rmrj again. 5uﬂoose, D=nx. B‘j
Riemonn - Podn if ns>0 is laur‘ﬂe, ufl.omﬁk Hare exists
f I X—Pc such sk 9(0)=F*(I(1) and O=5*(0) os
sets. Theretore

e, (00) =F* e (OWeH X, D=-Z
¢ () [ degF=n
H:(Pe, D=~ .

Pravided thed (%) commutes, we are done. But we
can view 00 as the ling owndle pssociated to x as o
divisor and Hen FFOK) is e Vine bundle associated to
F* (). So then we have cfe@‘f*(x) =Jﬂ5¥'cabg(x) which



im?\fe,s ob@{*n.
Thie compld—es e proof of Y FHrzt Yeorem.

We want +o auve, another Mr;\ohon of J(X). We have
HAX, 0,0 2> 100X, Q¢

wl———-?(Pt—"' ){ PA&J).
where w is viewed as gm MHM[OWLOPPHG 1-form.
We daim Hhis is an 150mor‘§>\nism. Observe Yot both
sides have dimension ‘j and since if p+0 then
Jpnp+0
and we, have Hhat Hhe kernal is trivid. Under ¢ Hee

mna.5¢ of H'(X,Z) i HCX,9y) is mapped +o the
|ma3e of HL(X Z) N H (X—(Z— ) b&

Kw———{{_
Therefore
~ 0 ,.O.i X
3002 MO w2



\We. carvy on Yo the final Foﬂf where we discus the
Abe)~ Jacobi mop.

Def-n‘niHan: Fix o base,‘:oin*‘ Paéx. De'Fww e A‘ool‘
Jocobi WP
o X—J(X)

X X'Foo

pro\cosih‘an'. R o l«,a[omorF\'»ic,.

Definibion. The n-th SDmmeh—ic Frbcﬁu.d' of Xis
XK

I 2,24 are local coordivates of X' Hen the
e,[emc)co:/‘ts sammel-rir_ funchons give us local
coordivates ai(21 .20 on S'X. Thue S'X s &
complex manifold. S"X corresponels to effective
aé«'.visor‘s o{: J(ﬁrw n since (xe X)Xt ¥Xn s
stable under permm\—akom ond g+ .. 4xn is effechve.
Defivie

o - 0" A——3J(X)

X1t FXn —> Xi"Po"" ”+Xn‘Po .



Theorem. () (Rbe) Tf 0eS"X Hien the Fiber
ot o, (D) consisks of all effechve divisors linearly
equivalent +o D, i.e. D' such that D-D' is principal.
(i) (Jocobi) o is surijective.

Cam\\a.r‘3: It X is on elliptic cwrve, ie. gerus 1, Heen
XEJI0.

Proof. Note Yot o=t Do o is M\omor\o\'\iz. ond
Sur:)“e,chve. Let peX. Then HO(X,O(@) is a vector
space over € and by Riemann-Rodn is of olumension
1 and isomorphic Yo €. Se pis Ha onl‘e‘:ncfcc-\’\ve,

90053‘-&1

and is Yen an isomor‘:l«lsm. 0

divisor livw,arlv ec;ujva\w¥- Yo P Hence o

CorO“arg'. JTK) and 3K are bimrom0r\o\n[call5
equivalent, Le. there exists o weromorphic map

From one He otwer which onoﬁmil's o~ me,romorplqic

nveyse.
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